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a b s t r a c t
The definition of theHelly property for hypergraphswasmotivated
by the Helly theorem for convex sets. Similarly, we define the
colorful Helly property for a family of hypergraphs, motivated by
the colorful Helly theorem for collections of convex sets, by Lovász.
We describe some general facts about the colorful Helly property
and prove complexity results. In particular, we show that it is
Co-NP-complete to decide if a family of p hypergraphs is colorful
Helly, even if p = 2. However, for any fixed p, we describe a
polynomial time algorithm to decide if such family is colorful Helly,
provided at least p− 1 of the hypergraphs are p-Helly.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Eduard Helly published in 1923 [13] a celebrated theorem which asserts that in a d-dimensional
Euclidean space, if in a finite collection of n > d convex sets any d + 1 sets have a point in common,
then there is a point common to all sets of the collection. This theoremmotivated the definition of the
p-Helly property for hypergraphs.
A hypergraph H is an ordered pair (V (H), E(H)) where V (H) = {v1, . . . , vn} is a finite set of
vertices and E(H) = {E1, . . . , Em} is a set of nonempty hyperedges Ei ⊆ {v1, . . . , vn}, for i = 1, . . . ,m.
We assume in all the text that for a hypergraphH , V (H) = Ei∈E(H) Ei. A partial hypergraph ofH is
a hypergraph formed by a subset of hyperedges ofH , and a hypergraphH ′ is a subhypergraph of H
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induced by V ′ ⊆ V (H) if V (H ′) = V ′ and its hyperedges are Ei ∩ V ′ ≠ ∅, for 1 ≤ i ≤ m. The core of
H is defined as core(H) = E1 ∩ · · · ∩ Em.
We say thatH is p-intersecting if every partial hypergraph of it, consisting of at most p hyperedges,
has a nonempty core. Finally, say that a hypergraph is p-Helly if every p-intersecting partial hypergraph
of it has a nonempty core. For simplicity, we employ the terms intersecting and Helly hypergraph
meaning 2-intersecting and 2-Helly hypergraph, respectively.
Clearly, the Helly theorem for convex sets does not hold for general hypergraphs. For example, the
hypergraph where E(H) = {{a, b}, {b, c}, {a, c}} is 2-intersecting, but core(H) = ∅.
The theorem by Lovász, the Colorful Helly Theorem, is a generalization of the Helly theorem.
Theorem 1.1 (Lovász). [1,14]: Let F1, . . . ,Fd+1 be d + 1 finite collections of convex sets in Rd. Ifd+1
i=1 Fi ≠ ∅ for all choices of F1 ∈ F1, . . . , Fd+1 ∈ Fd+1, then

F∈Fi F ≠ ∅ for some 1 ≤ i ≤ d+ 1.
As the p-Helly property for hypergraphs was motivated by the Helly theorem, we use Lovász’s
theoremas amotivation to define the colorfulHelly property for hypergraphs.Weemploy thenotation
below.
Consider a family F = {H1, . . . ,Hp} of hypergraphs Hi. A hypergraph H ′ is a representative
hypergraph of F if it contains a hyperedge of each hypergraph of F . That is, E(H ′) = {E1, . . . , Ep},
for Ei ∈ E(Hi), i = 1, . . . , p. Denote by |F | the number of hypergraphs in the family F . Say that
F is strongly intersecting if core(H ′) ≠ ∅, for all representative hypergraphsH ′ of F . A subfamily of
F = {H1, . . . ,Hp} is a family F ′ = {H ′1, . . . ,H ′p} where ∅  H ′i ⊆ Hi, i = 1, . . . , p. Finally, say
that F satisfies the colorful Helly property (or is colorful Helly) if every strongly intersecting subfamily
F ′ = {H ′1, . . . ,H ′p} of F contains a hypergraphH ′i such that core(H ′i ) ≠ ∅, for some 1 ≤ i ≤ p.
Note that, similarly as the Helly theorem, Lovász’s theorem for collections of convex sets does
not hold for general families of hypergraphs. For example, consider the hypergraphs H1,H2 where
E(H1) = E(H2) = {{a, b}, {b, c}, {a, c}}. Observe that E1 ∩ E2 ≠ ∅ for all choices of E1 ∈ E(H1) and
E2 ∈ E(H2), but core(H1) = core(H2) = ∅.
The Helly property has been the subject of study in several topics of graph theory [10,15] and
has applications in various areas [6,11]. There are many extensions and generalizations of the Helly
property. Similarly, Lovász’s theorem has been studied and generalized in some different ways. See
for instance [1,2].
The colorful Helly theorem is equivalent to the Helly theorem if all collections of convex sets are
coincident. Consequently, Lovász’s theorem is a generalization of the Helly theorem. We present a
simple example that the same does not occur for hypergraphs, in the sense that if all p hypergraphs of
F are coincident, then the colorful Helly property is not necessarily equivalent to the p-Helly property.
In thiswork, we describe complexity results related to the colorful Helly property, for hypergraphs.
We will consider the following problem.
Problem 1.2 (Colorful Helly). Let p be a positive integer. Given a family of hypergraphs F =
{H1, . . . ,Hp}, decide whether F satisfies the colorful Helly property.
We recall that there is a polynomial time algorithm to decide if a hypergraph satisfies the Helly
property [4,12]. Moreover, for a fixed integer p ≥ 2, there is a polynomial time algorithm to decide
if a hypergraph satisfies the p-Helly property [5,7]. However, we show that deciding whether F =
{H1, . . . ,Hp} satisfies the colorful Helly property, for fixed p ≥ 2, is Co-NP-complete. Nevertheless,
for any fixed p, we present a polynomial time algorithm to decide if F satisfies the colorful Helly
property, provided p− 1 of the hypergraphs of F are p-Helly. A survey on complexity aspects of the
Helly property is Ref. [9].
In Section 2, we describe results of the colorful Helly property related to the Helly property. The
discussion of NP-completeness results for the colorful Helly problem appears in Section 3, whereas
characterizations and algorithms are in Section 4.
An extended abstract containing partial results of this paper has been presented in [3].
We conclude this section giving some useful definitions. A hypergraphH is r-uniformwhen every
hyperedge of H contains exactly r vertices. A graph G is a 2-uniform hypergraph. A hyperedge of a
graph G is called edge. A complete set (independent set) is a subset of pairwise adjacent (nonadjacent)
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vertices. A clique of G is a maximal complete set. A bipartite set is a subset B ⊆ V (G), which can be
partitioned into B = V1 ∪ V2, where V1, V2 are nonempty independent sets. If every vertex of V1
is adjacent to every vertex of V2, then B is a complete bipartite set. A biclique is a maximal complete
bipartite set.
2. The Helly property and the colorful Helly property
In this section, first we observe that the colorful Helly property is not equivalent to the Helly
property when all hypergraphs are identical, even for families of size 2. Consider the following
example. LetF = {H1,H2}with E(H1) = E(H2) = {{a, b}, {c, d}, {a, c}, {b, d}} and observe thatH1
satisfies the Helly property. Consider the subfamily F ′ = {H ′1,H ′2} where E(H ′1) = {{a, b}, {c, d}}
and E(H ′2) = {{a, c}, {b, d}} and note that F ′ is a strongly intersecting subfamily of F . However,
core(H ′1) = core(H ′2) = ∅ implying F = {H1,H2} does not satisfy the colorful Helly property.
However, the converse holds. More generally, if a family of p identical hypergraphsH is colorful
Helly, thenH is p-Helly. In fact, a stronger statement can be made, as follows.
Proposition 2.1. Let F = {H1, . . . ,Hp}, withH1 ⊆ Hi, i = 2, . . . , p. If F is colorful Helly, thenH1 is
p-Helly.
Proof. Wewill prove the contrapositive version. IfH1 is not p-Helly, then there is some p-intersecting
partial hypergraph A1 ⊆ H1 with core(A1) = ∅. Take Ai ⊆ Hi with Ai = A1, i = 2, . . . , p. Since A1 is a
p-intersecting hypergraph, F contains a strongly intersecting subfamily F ′ = {A1, A2, . . . , Ap}, with
core(A1) = · · · = core(Ap) = ∅. Therefore F is not colorful Helly. 
Next, we discuss the effect of removing one hypergraph from a given family of hypergraphs.
Observe that if a hypergraph is p-Helly, then it is (p + 1)-Helly, i.e., if a hypergraph is not p-Helly,
then it is not (p− 1)-Helly. A related statement holds for the colorful Helly property.
Proposition 2.2. Let p ≥ 2, F = {H1, . . . ,Hp}, and Fˆ = {H1, . . . ,Hp−1}. If F is not colorful Helly,
then Fˆ is not colorful Helly.
Proof. IfF is not colorful Helly, thenF contains some strongly intersecting subfamily {H ′1, . . . ,H ′p},
with core(H ′1) = · · · = core(H ′p) = ∅. Then {H ′1, . . . ,H ′p−1} is a strongly intersecting subfamily of
Fˆ with core(H ′1) = · · · = core(H ′p−1) = ∅. Thus, Fˆ is not colorful Helly. 
3. NP-completeness results
In this section, we show that deciding whether a family of p hypergraphs is colorful Helly is
Co-NP-complete, for any fixed p ≥ 2, provided at most p− 2 of the hypergraphs are p-Helly.
First, consider p = 2 and discuss the following generalization of the Helly property. Whether
or not a hypergraph H satisfies the (unconstrained) Helly property, depends on the core of every
intersecting partial hypergraph ofH . Suppose that we want this dependence to restrict just to some
intersecting partial hypergraphs belonging to a given list. However, we restrict to lists admitting a
compact representation, as follows. Define a graph G whose vertices correspond to the hyperedges
ofH , and whose complete sets correspond to those relevant intersecting partial hypergraphs which
form the list. Then, say thatH is relaxed Helly relative to G if for every intersecting partial hypergraph
H ′ ⊆ H such that, the vertices ofG associated to the hyperedges ofH ′ induce a complete set, satisfies
core(H ′) ≠ ∅.
Problem 3.1 (RelaxedHelly Hypergraph).Given a hypergraphH and a graphGwith vertices associated
to the hyperedges ofH , decide whetherH is relaxed Helly relative to G.
The RelaxedHelly hypergraph problem is co-NP-complete [8,9]. Next, we consider the case p = 2
of Problem 1.2.
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Fig. 1. Reduction ofH and G into F = {H1,H2}.
Theorem 3.2. Colorful Helly with |F | = 2 is Co-NP-complete.
Proof. Consider a family F = {H1,H2}, whereH1 = {S1, . . . , Sm} andH2 = {S ′1, . . . , S ′m′}. A pair of
sets (A, B), where A ⊆ {1, . . . ,m}, B ⊆ {1, . . . ,m′}, is a certificate that this problem belongs to Co-NP
because these sets define a subfamily of F which can be verified in polynomial time to be strongly
intersecting and to have core(H ′1) = core(H ′2) = ∅.
The hardness proof uses a reduction from Relaxed Helly hypergraph. Given a hypergraph H
and a graph G with vertices associated to the hyperedges E(H) = {S1, . . . , Sm}, construct a family
F = {H1,H2} as follows.
• For each Si ∈ E(H) do
– Create a hyperedge S ′i = Si ∪ {ai, bi} inH1, with two new vertices ai and bi.
– Create a hyperedge S ′′i = {bi} inH2.• For each edge SiSj of G such that Si ∩ Sj ≠ ∅ do
– Add ai to S ′′j and aj to S
′′
i .
Fig. 1 shows a reduction of a hypergraphH and a graph G, into a collection F = {H1,H2}. Let us
show thatH is relaxed Helly relative to G if and only if F is colorful Helly.
Suppose first that H is not relaxed Helly relative to G. Let H ′ ⊆ H be an intersecting partial
hypergraph of H with empty core, such that, the vertices of G associated to the hyperedges of H ′
induce a complete set. We can assume that H ′ is maximal. It is clear that |H ′| ≥ 3. Consider
F ′ = {H ′1,H ′2} such that S ′i ∈ E(H ′1) if Si ∈ E(H ′), and S ′′i ∈ E(H ′2) if Si ∈ E(H ′). By the construction,
it is easy to see thatF ′ is a strongly intersecting subfamily ofF and that core(H ′1) = ∅. The core ofH ′2
is also empty because if there is some v ∈ core(H ′2), then v = aj, for some S ′′j ∉ H ′2. The latter implies
thatH ′∪{Sj} is an intersecting partial hypergraph ofH with empty core, such that, the corresponding
vertices of G induce a complete set. This hypergraph properly containsH ′, which is a contradiction.
Conversely, suppose that F = {H1,H2} is not colorful Helly. Then there exists a strongly
intersecting subfamily F ′ = {H ′1,H ′2} of F such that, core(H ′1) = core(H ′2) = ∅. Define H ′ ={Si : S ′i ∈ E(H ′1)}. By the construction, for every S ′i ∈ E(H ′1), the corresponding hyperedge S ′′i ofH2
also belongs to E(H ′2), otherwise ai ∈ core(H ′2). This implies that the vertices of G associated to the
hyperedges ofH ′ form a complete set in G andH ′ is an intersecting hypergraph. SinceH ′ can be seen
as an induced subhypergraph ofH ′1 with the same number of hyperedges, its core is contained in the
core ofH ′1. Then core(H ′) = ∅ and |H ′| ≥ 3. ThereforeH ′ is not relaxed Helly relative to G. 
Finally, consider any fixed p > 2.
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Theorem 3.3. Colorful Helly with |F | = p is Co-NP-complete, for any fixed p > 2.
Proof. The problem is in Co-NP by a similar argument used to that used in the proof of Theorem 3.2.
The hardness proof uses a reduction from colorful Helly with |F | = 2. Given a family F =
{H1,H2}, construct a family E = {E1, E2, . . . , Ep}, with each Ei being a hypergraph, as follows.
• Initially, set E1 = H1, E2 = H2, and Ei = {Si,1, Si,2}, for 3 ≤ i ≤ p, where Si,1 = Si,2 = ∅.
• For each pair of hyperedges Si ∈ E(H1) and Sj ∈ E(H2) such that Si ∩ Sj ≠ ∅ do
– Create a set Xij with 2p−2 new vertices, that is, distinct vertices from those so far contained in E .
– Add all vertices of Xij to each of the corresponding hyperedges Si ∈ E(E1) and Sj ∈ E(E2).
– Add one distinct vertex of Xij to all p − 2 hyperedges of each of the 2p−2 representative
hypergraphs of the family {E3, . . . , Ep}.
Since p is fixed and the number of sets Xij is at most m1m2, where m1 = |H1| and m2 = |H2|,
the reduction can be done in polynomial time on the size of the input, F . Without loss of generality,
we can assume that at least one Xij is created. Then the construction finishes with no empty sets, as
required by the definition of hypergraph. We will prove that F is colorful Helly if and only if E is
colorful Helly.
Suppose first that F is not colorful Helly. Let F ′ = {H ′1,H ′2} be a strongly intersecting subfamily
of F such that core(H ′1) = core(H ′2) = ∅. Consider E ′ = {E ′1, E ′2, E3, . . . , Ep}, where E ′1 ⊆ E1 and
E ′2 ⊆ E2 are formed by the corresponding hyperedges ofH ′1 andH ′2, respectively. The fact that F ′ is
strongly intersecting implies that E ′ is strongly intersecting, by construction. Since none of the new
vertices belongs to more than one hyperedge of any hypergraph of E , we have core(E ′1) = core(E ′2) =
core(E3) = · · · = core(Ep) = ∅.
Conversely, suppose that E is not colorful Helly. Then there exists a strongly intersecting subfamily
E ′ = {E ′1, E ′2, E3, . . . , Ep} of E such that core(E ′1) = core(E ′2) = core(E3) = · · · = core(Ep) = ∅. Let
F ′ = {H ′1,H ′2} be the subfamily ofF withH ′1 andH ′2 being formed by the corresponding hyperedges
of E ′1 and E
′
2, respectively. It is clear that core(H
′
1) = core(H ′2) = ∅.
It remains to show that F ′ is strongly intersecting. Consider a representative hypergraph Eˆ of E ′.
We have core(Eˆ) ≠ ∅, because E ′ is strongly intersecting, which implies, by construction, that the two
hyperedges of F ′ associated to representative hyperedges of E ′1 and E
′
2 in Eˆ share an element. 
Corollary 3.4. The variation of the colorful Helly problem for a family of p hypergraphs, where q of
them are p-Helly, for q ≤ p− 2 and fixed p ≥ 2, remains Co-NP-complete.
Proof. In the proof of Theorem 3.3, a family E of p hypergraphs is constructed with the property that
p− 2 of them are p-Helly. Such a family is employed in the hardness proof. We can transform E into a
family of p hypergraphswhere p−3 are p-Helly as follows. Choose one of the p−2p-Helly hypergraphs
of E and add to it a p-intersecting hypergraph formed by new vertices having an empty core. Clearly,
the new family E so modified can also be employed in the hardness proof of Theorem 3.3, because the
strongly intersecting subfamilies have been preserved. Hence Theorem 3.3 holds whenever q = p−3
of the hypergraphs are p-Helly.We can then repeat the same argument for the remaining q−1 p-Helly
hypergraphs, completing the proof. 
4. Characterizations and algorithms
In this section, we describe a polynomial time algorithm to decide if a family of hypergraphs
F = {H1, . . . ,Hp} satisfies the colorful Helly property, provided p − 1 of the hypergraphs of F
are p-Helly.
The following lemma describes conditions for a family of p hypergraphs having the colorful Helly
property.
Lemma 4.1. Let F = {H1, . . . ,Hp} be a family of hypergraphs, whereH1, . . . ,Hp−1 are p-Helly, p ≥ 2.
ThenF is colorful Helly if and only if every subfamily Fˆ = {Hˆ1, . . . , Hˆp−1,Hp} of F , where |E(Hˆi)| ≤ p
for i < p, is so.
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Proof. The first part follows from the definition of the problem. Conversely, suppose that F is not
colorful Helly. Let F ′ = {H ′1, . . . ,H ′p} be a strongly intersecting subfamily of F with core(H ′1) =
· · · = core(H ′p) = ∅. Since Hi is p-Helly, then we can choose H ′′i ⊆ H ′i , with |E(H ′′i )| ≤ p,
so that core(H ′′i ) = ∅, for i = 1, . . . , p − 1. Thus, there is a strongly intersecting subfamily,
F ′′ = {H ′′1 , . . . ,H ′′p−1,H ′p} of Fˆ where |E(H ′′i )| ≤ p, for i < p, that does not satisfy the colorful
Helly property. 
Theorem 4.2. Let F = {H1, . . . ,Hp} be a family of hypergraphs, where H1, . . . ,Hp−1 are p-Helly,
p ≥ 2. Then F is colorful Helly if and only if F does not contain a strongly intersecting subfamily F ′ =
{H ′1, . . . ,H ′p−1,H ′p} where |E(H ′i )| ≤ p, 1 ≤ i ≤ p− 1, satisfying core(H ′1) = · · · = core(H ′p) = ∅.
Proof. The first part follows from the definition. Conversely, suppose that F does not contain a
strongly intersecting subfamily F ′ = {H ′1, . . . ,H ′p−1,H ′p} where |E(H ′i )| ≤ p, 1 ≤ i ≤ p − 1, and
core(H ′1) = · · · = core(H ′p) = ∅. Thus, every subfamilyF ′′ = {H ′1, . . . ,H ′p−1,Hp}with |E(H ′i )| ≤ p,
1 ≤ i ≤ p − 1, satisfies the colorful Helly property, which implies, by Lemma 4.1, that F is colorful
Helly. 
Observe that, given any pair of arbitrary strongly intersecting subfamilies F ′ = {H ′1, . . . ,H ′p−1,
H ′p} and F ′′ = {H ′1, . . . ,H ′p−1,H ′′p } of F , differing only by H ′p ⊂ H ′′p , we do not need to consider
the former to verify if F is colorful Helly. Further, there exists some (maximal) subfamily F ′′′ =
{H ′1, . . . ,H ′p−1,H ′′′p }which contains every strongly intersecting subfamily ofF havingH ′1, . . . ,H ′p−1
as its first p − 1 hypergraphs. These observations and the above theorem lead to a polynomial time
algorithm for deciding whether F = {H1, . . . ,Hp} is colorful Helly, whenever p is fixed and p− 1 of
the hypergraphs of F are p-Helly, next described.
Algorithm 4.3. Let F = {H1, . . . ,Hp} be a family of hypergraphs such that H1, . . . ,Hp−1 are
p-Helly. For each choice of partial hypergraphs H ′1, . . . ,H
′
p−1, of H1, . . . ,Hp−1, respectively, such
that |E(H ′i )| ≤ p, check if it is strongly intersecting. If so, selectH ′p ⊆ Hp, where |E(H ′p)| is maximal
and F ′ = {H ′1, . . . ,H ′p−1,H ′p} is strongly intersecting. Then F is colorful Helly precisely when
core(H ′i ) ≠ ∅, for some i, 1 ≤ i ≤ p, for every strongly intersecting subfamily F ′.
Denote m = max{|E(Hi)| : i = 1, 2, . . . , p} and n = | V (Hi)|. First, we must select partial
hypergraphs H ′1, . . . ,H
′
p−1 such that H
′
i ⊆ Hi, for 1 ≤ i ≤ p − 1, and |E(H ′i )| ≤ p. There exist
O(mp(p−1)) such families. The complexity to verify if each of these families is strongly intersecting and
select the largestH ′p ⊆ Hp such that F ′ = {H ′1, . . . ,H ′p−1,H ′p} is strongly intersecting, is O(mnpp).
Finally, for eachF ′, wemust checkwhether core(Hi) ≠ ∅, which requiresO((p−1)(p−1)n+(m−1)n)
time. Therefore we can conclude that the total number of operations is polynomial for fixed p.
In particular, the complexity of the algorithm for the case p = 2 is O(m3n).
5. Conclusion
Wehave considered the colorful Helly property for general hypergraphs,motivated by the Lovász’s
colorful Helly theorem for convex sets.
The main result of the paper was proving the following dichotomy result.
Theorem 5.1. Let F be a family of p hypergraphs, p fixed. Then, if P ≠ NP, we can decide in polynomial
time if F is colorful Helly if and only if at least p− 1 hypergraphs of F are p-Helly.
Finally, wemention the possibility of extending the concept of the colorful Helly property. Given a
family of phypergraphsF = {H1, . . . ,Hp} and a parameter q ≤ p, we say that the familyF is colorful
q-Helly if every familyF ′ formed by q hypergraphs ofF ′ is colorful Helly. The natural question is then
to characterize q-Helly families of hypergraphs.
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